Motor (PMSM) based on the analysis of radial-ux permanent magnet motor with minimum weight, maximum e ciency, and an increased torque. The rotor of the PMSM uses segmented permanent magnets mounted on the surface. The achievement of the method involves four steps. Firstly, the simpli ed motor model is presented in a manner which yields symbolic solution for optimal motor parameters as a function of mass. Secondly, Monte Carlo method is employed to compute optimal motor dimensions to obtain e ciency, torque, and active mass of the optimal motor. Then, the steady-state characteristics of the primary optimized design obtained in the last step are calculated and compared to satisfy the ux condition. Finally, the performance of the optimized machine is calculated using 2D transient Finite-Element Analysis (FEA). Subsequently, the model mesh and boundary conditions are handled and presented. According to the obtained results, the essential purpose of the work has been ful lled, the weight has been reduced by 24%, and the e ciency and rated torque have been improved by 8% and 40%, respectively. The proposed design approach has the advantage in terms of its signi cant time reduction of the design cycle.
Introduction
Nowadays, the design of optimized electrical machines has several concerns. The choice of the design is adopted to re ect various phenomena involved, and the de nition of the optimization procedure is also adopted to determine the dimensions and materials to achieve the intended speci cations. Electrical machines' design is usually preceded by a pre-dimensioning in which one must meet the requirements of speed and exibility.
The search for new modeling and optimization tools, in the design of electrical machines, is an ongoing concern of electrical engineering researchers. A design problem statement by the speci cations is generally turned into a mathematical optimization problem. Indeed, the coupling of a constrained optimization algorithm with an analytic model allows for exploring vast space solutions for convergence of the best con guration.
The resolution of an optimization problem in electric machines is often a very complicated task because many factors are involved. The optimization algorithms applied to the eld of Electrical Engineering have enjoyed great development. Indeed, they can solve problems, which have been previously intractable, and lead to innovative solutions. The optimization of electrical machines is a nonlinear problem, since it is likely to generate multiple local optima, among which the optimum overall desired is obtained. All optimization methods can nd an optimum solution, but without any guarantee of what the global optimum in the single-objective optimization is. However, the complex part of any optimization method is how to locate the maximum and/or minimum of the optimized function which is a considerable challenge. The problem is how to choose a method adaptable to the problem. The optimization methods are numerous, we quote Monte Carlo [1] , genetic algorithm [2] , Particle Swarm Optimization (PSO) [3] , etc.
Several research and investigations into PMSM design optimization are reported in the literature [4, 5] . However, various analytical models using analytic eld solution have been proposed. Some of them concern rotational electrical machines [6] [7] [8] [9] [10] , while others concern linear machines [11, 12] . An attractive motor design method and its analysis is presented in [6] . It is shown that the Halbach magnetized PMSM motor has 15% lower volume than the radial magnetized one. We note that the important details of the design results are not presented in this paper. Sadeghi and Parsa [7] presented an optimization design study of ve-phase Halbach permanent-magnet machine in their work using genetic algorithm method to optimize the design variables based on the analytical model of the motor for high e ciency, torque, and high acceleration. Mardaneh et al. [8] presented a modi ed analytical approach to the magnetic eld calculation in a slot-less two-rotor axial-ux permanent magnet machine. The analytic-modeling is based on the calculation of scalar and vector magnetic potentials, which are produced by the magnets and armature windings. The considered analytical model predicts the magnetic eld with small error compared to the nite-element method.
In electromagnetic design, several direct approaches using scalar magnetic potential to solve the system governing equations, from which the ux lines' distribution can be achieved, are handled [13, 14] . Other approaches and analytical calculations use magnetic equivalent circuit [15, 16] . Besides electromagnetic analysis, thermal study is another feature, which is generally implemented with lumped-parameter thermal networks [17, 18] .
Numerical methods are used to solve equations describing the behavior of electromagnetic machines in 2D and 3D with minimal assumptions which o er an opportunity to bring local coupling phenomena to researchers' attention. The interest of these numerical methods in a design scheme is evident, especially during the stages of validation and re nement of the solution. The nite-element method is one of the most used numerical methods employed in simulation of permanent magnets machines by di erent ways. Thus, it depends on the state of the analyzed system, which is steady state or transient operation [19] . The drawback of FEA analysis lies in the long time of simulation, which makes the study of design variation di cult [20] .
Owing to its advantage by comprehending both optimization and sampling algorithms in which the whole objective function is explored, for its wellunderstood convergence properties [1] and its e ciency of providing optimal design [21] , the optimization algorithm of Monte Carlo as a prevailing means for the complex problem is chosen to ensure a better optimization design. In addition, the advantage of the method in physical systems is its tendency to be simple, exible, highly scalable, and eminently parallelizable as to reduce the computation time. It is also interesting because it calculates the performance of a sample and allows for a detailed statistical analysis, which is very hard to do by other methods. The idea in Monte Carlo technique is to reiterate the experiment many times to obtain many quantities of interest using the law of various analytical and statistical methods.
This paper presents the whole design of the PMSM. However, a preliminary design is carried out. Thus, Monte Carlo method is used to optimize the machine dimensions and the eld distributions based on an analytical model. Therefore, we consider characteristics of primary and optimized designs. Finally, the nite-element implementation is attempted for a computation of the transient electromagnetic eld of the optimized machine. During the processing stage, a 2D transient mode solver with a time-stepping approach is performed. The exact magnetic quantities inside the motor are calculated numerically.
The paper is organized as follows. Section 2 designates the preliminary design of PMSM and magnetic ux analytical calculation. Section 3 describes the analytical optimization of torque. Section 4 provides and explains the Monte Carlo optimization approach and design results. Section 5 is dedicated to the results of obtained characteristics and comparisons with those obtained analytically. Section 6 presents the transient nite-element study of the optimized motor. Finally, Section 7 concludes the paper.
Preliminary design
The motor cross-section used in the preliminary motor design is shown in Figure 1 . It is comprised of twentyfour slots in the stator and the four-pole segmented Halbach permanent magnet material XG 196/96 in the rotor. The geometrical parameters considered are the stator diameter on air gap side D, the thickness of magnet, h m , and axial length, L, in Z-axis direction.
Assumptions
The following assumptions are made and taken into The magnet is fully magnetized and oriented according to the Halbach magnetization direction; All the ux produced by the permanent magnet is linked to a stator winding; The motor has slotted stator structure; Inner radius, r, and yoke thickness, , are zero in both models.
Air-gap ux density
The rst consideration in the optimization strategy is to nd the value of magnetic ux density, B, at the stator/air-gap interface. As mentioned later, B is solely a function of the motor geometry for a given remanent ux density; hence, the analytic model must be able to calculate B at the desired interface for a given set of geometric constraints (including r and d). The proposed method by Xia et al. [19] and Zhu and David Howe [22] will be extended to calculate magnetic eld of permanent magnet motors due to Halbach permanent magnet.
The analytical equations of the ux density at point (r, ) de ned by the polar coordinates with the center of the rotor are given by: 
where K 0 is given by:
(1 r )
(1 + r )
p is the number of poles, n is the order in Fourier series of the ux density waveform, R r , R m , and R s are geometry parameters, and B r is the magnet remanence.
Analytical optimization
The analytical model analyzed in this paper was rst used and developed by Pinkham [23] . It uses expressions for air gap ux-density which is approximated as being independent of R, L, and p. Inner radius, r, and yoke thickness, , are zero in this model. The torque is approximately proportional to:
where ux-density amplitude, B, is independent of R, L, and p, and is given by:
The partial derivative with respect to R simpli es to:
and, therefore, R at maximum torque is: R = (2pV ) 1=3 ; (6) and it is easily shown that p at maximum torque is in nite. This equation may be written as follows:
We rst seek an approximate expression for the optimal R value in terms of p, V , and r. It will be veri ed that the expression derived for r is equal to zero, pL=R = 3=2 also holds when r is non-zero. With the stator volume as given above, the solution for R is: : (8) The maximum torque is proportional to:
T _ V 3=2 : (9) Therefore, the torque density increases by increasing radius only if P L > 1=2. Otherwise, the torque density increases by increasing axial length.
Monte Carlo optimization
Various optimization methods have been reported for use in the machine design. The Monte Carlo method plays an important role among these methods [1, 21] . The mechanism of a Monte Carlo method is based on the idea of taking a simple random-drawn population and estimating the desired outputs from this sample. In summary, the Monte Carlo method involves essentially three steps:
Generating a random sample of the input parameters according to the (assumed) distributions of the inputs; Analyzing (deterministically) each set of inputs in the sample; Estimating the desired probabilistic outputs and the uncertainty in these outputs using the random sample.
The Monte Carlo method is exible and easy to implement and modify. However, there are some disadvantages to the method; for instance, for very complex problems, a large number of replications may be required to obtain precise results [20] . In this part, the Monte Carlo method is used to compute the optimal design parameters for given numerical values of material parameters.
Description of method
To use a Monte Carlo method, one must rst put in the form of a mathematical expectation the quantity that one seeks to compute. It is often simple (calculation of integral, for example), but perhaps more complicated (partial di erential equations, for example). At the end of this step, the amount of form E(X), i.e. the expectation of random variable X, is calculated.
To calculate E(X), we need to simulate a random variable according to the law of X. We then have sequence X(i) 1iN , where N is the achievement of random variable; X is then approximated (X) by the following equation:
Objective function
In this work, a multiple-objective optimization problem with multiple constraints has been used. The process of the method is described by Eqs. (11) to (14) .
The design variables are:
The constraints of the design are: g j (x) 0; j = 1; :::; m:
The boundary of the design parameters is:
x l i x i x k i ; i = 1; :::; d;
the objective function is:
The main goal of this study is the design of permanentmagnet machine with high e ciency and low active weight. So, the design objectives are speci ed by the following function:
maximize F (x) = min[Z j (x)] ' = 1; 2; :::; N; (15) where x 2 X (the feasible region) and Z j (x) is calculated for optimal non-negative target value f j > 0 as follows:
The main objectives of the design are:
Minimize active mass that contributes to the cost of the motor; Maximize e ciency; Maximize rated torque.
Design variables and constraints
The geometry parameters of the motor under study are to be obtained from the solution to an optimization problem, application of Monte Carlo method, and comparison to those obtained analytically. The objective is to minimize weight and meet the requirements and constraints that guarantee certain required speci cations. The owchart given by Figure 2 shows the diverse steps conducted during the optimization design procedure from the choice of initial variables to the calculation of e ciency and weight. In the multiobjective optimization, the design variables are chosen to optimize all objective functions simultaneously while checking that the result is reasonable. If a particular design is not feasible, it is useless and a new iteration begins. Five design parameters are randomly chosen from a speci ed range given in Table 1 : pole number, p, inner radius, r, air gap radius, R, axial length, L, magnet height, h m . Tooth arc, = D:R=P , and e ciency are calculated during the simulation process. The Monte Carlo method is applied to optimize the variables with respect to the objectives function.
There are a number of constraints imposed on the design. Those constraints are: The design variables are the number of pole pairs, the machine length, and other geometrical parameters. The variables and ranges of their lower and upper bounds are speci ed in Table 1 . The thickness of permanent magnets has been considered and limited to 5 mm to circumvent too high ux leakage among two adjacent permanent magnets. Motor e ciency is calculated by:
where T and are the required output torque and speed, respectively, is the phase ux-linkage, and R a is the phase winding resistance. The output torque for given e ciency and speed is: (18) where B ag is the air gap ux-density amplitude given by Eq. (19) , is the conductivity of copper, A w is the wire cross-sectional area given by Eq. (20), and L is the wire length:
A w =R 2 (r + R=p) 2 2p(R r R=p) R=p:
Motor active mass is given in grams by:
In the previous section, optimal design parameters have been studied by assuming that and V are constants. To be sure, however, is not a constant since it depends on p, R, and magnet height h m , all of which we seek to optimize. Precise design optimization must, therefore, use both remanent ux-density B re and saturation ux-density B sat as known constants instead of .
Flowchart of the optimization design
The owchart revealed in Figure 2 illustrates the prevailing procedure of design optimization used in this research by which each component will be explained in the following. The execution of the code starts with the performance speci cations, such as the initial motor design variables. Each design parameter and penalty limits of penalty function can be varied within its domain. However, there are two stages in the proposed approach. The rst stage is the calculation of design parameter by the analytical model. As can be seen, e ciency and weight, which are closely related to the dimensions and ux density distributions of the stator, are minimized by using an analytical model.
The second stage is the application of the Monte Carlo method to optimize the obtained analytical design by the following steps:
1. De ne the solution space. Select the parameters to be optimized. Here, the parameters are pole number, p, inner radius, r, air-gap radius, R, axial length, L, magnet height, h m , and tooth arc, ; 2. De ne a vector multi-objective function. In our case, the minimum weight and highest e ciency are both the design objectives; 3. Initialize random locations and velocities; 4. Assume a design that meets the feasibility criteria; its weight and e ciency are compared with a list of existing \good" designs that have been saved from the previous iterations. The algorithm terminates after testing the speci c convergence and optimum design achievement. At this point, the designer discusses the performance analysis of the proposed design. If the optimization is satis ed, then the design optimization process must be halted, and the new design is saved.
Optimization results
With respect to the owchart shown by Figure 2 , the machine parameters obtained from the analysis are summarized in Table 2 . The analytical results are given in Table 3 .
Comparison results
Multi-objective optimization is applied to three goals, i.e. e ciency, torque, and mass. The optimized design parameters and predicted e ciency are shown in Figure 3 as functions of active mass. In this part, the Monte Carlo optimization results are compared with the analytic expressions derived in the last section. As shown in Figure 3 , the air-gap radius increases as motor mass to the approximately 1500 (g). Eq. (7) predicts an increase to 1/2 for pole number. The Monte Carlo results show that pole number increase to 8 in an interval between 1500 g-4000 g; after this interval, the pole number decreases to have the mass of a primary machine. Eq. (8) was derived based on the assumption that Eq. (7) was valid, whereas the assumption applies only when the inner radius is zero. The results of Monte Carlo verify this hypothesis that Eq. (7) holds approximately, but not exactly, when the inner radius is non-zero. However, due to the approximations described in the analytical optimization, a con rmation of these results is desirable. The optimization results are summarized in Table 4 . Due to the large number of iterations, designs are not truly optimal. Nevertheless, with an adequate number of iterations, the list can reach the nearoptimum curve arbitrarily. It is noted that no points in Figure 3 represent the operating points that are practically continuous, in which the initial slope of the e ciency versus mass curve is zero; moreover, the e ciency increases faster than the linear mass in the very low-e ciency regime.
Optimization results discussions
It is interesting to consider the parameters chosen for the optimal values of mass and e ciency (Figure 2 ), as discussed in advance due to quantization errors in the optimal calculation of machine parameters. The design, meeting the feasibility criteria, its e ciency, torque, and power outputs, is compared with the two previous designs. Figure 4 shows the e ciency of the previous machine using the interpolation done in Matlab over the whole speed range. The gure comes out in two distinct areas with high e ciency, where the rst starts as it follows the line for rated speed (1500 rpm). Then, the second starts at the rated speed and rises along the line of 2000 rpm for primary design and 2500 rpm for optimized design. Since this area has the greatest extent in power with high e ciency (80%), it is natural to assume this rotational speed by the choice of conditions for the exchange. 
E ciency-speed characteristics

Torque-speed characteristics
The braking torque variation with the rotation speed for two topologies is calculated and plotted in Figure 5 . Speed and torque are inversely proportional; speed decreases as torque increases. At the rated speed ( 1500 rpm), the value of torque in the optimized design is superior to that of the primary design.
Power-speed characteristics
Power versus speed graph is also calculated for two previous designs. Figure 6 compares the power versus speed characteristics of two models. It can be seen that the machine with lower speed has the same performance in two designs. It is due to constant power regime (0-500 rpm), where the current is kept at its rated value, but in the ux-weakening regime over corner speed (500 rpm), the magnitude and position of the current vector must be adjusted. 
Transient nite-element results
As a well-established design and modeling tool in electromagnetic design of electrical machines, 2D niteelement method is applied to the performance calculations of the optimized machine. In order to reduce the computation time, the described geometry of the motor is reduced to cover only one pole with the help of boundary conditions and symmetry. The accuracy of the calculation results is related to the number of nodes, connected lines, and analysis meshes. However, the solution to this problem is obtained after three stages: pre-processing, processing, and post-processing stages. In pre-processing, motor geometry and component's material properties are de ned, boundary conditions speci ed, mesh partition pinpointed, and motion parameters set. We must note that Maxwell software used in this work adopts adaptive meshing; for its design, it modi es the gridding dimension by repeating iterations, and nally forms a rational meshing. During the processing stage, a transient mode solver with timestepping is performed. Then, exact magnetic quantities inside the motor are calculated numerically. Finally, the magnetostatic solver is used to check the value of the torque developed for the particular current values.
Governing equation
The governing equation of segmented Halbach permanent magnetic machine is: dA dt 1 0 r 2 A (r A)= r'+r M; (22) where A is the axial component of magnetic vector potential, 0 is the permeability of the free space, is the electrical conductivity, v is the velocity of the material, and M is the magnetization vector. ' is the electric scalar potential related to other eld variables by:
where B and E are magnetic ux density and electric eld intensity, respectively. Considering two-dimensional analysis, if the velocity term is avoided, the problem will be reduced to a scalar form and the magnetic vector becomes a z-axis scalar A z : 
Eq. (25) stands for the basic governing equation of the problem that must be solved by means of nite-element method.
Boundary conditions
Before the processing stage, boundary conditions need to be imposed on the solution domain. The most important boundary conditions in nite-element analysis are the Dirichlet, Neumann, and periodical boundary conditions. The Dirichlet boundary conditions are imposed on the surface of the stator and the shaft as mentioned in Figure 7 :
The Neumann boundary conditions are speci ed to force ux lines to pass the boundary at exactly 90 angle:
The periodical boundary conditions are applied generally in a case when the model is reduced to the one pole pitch. In this case, the relationship between the potential values at di erent positions is: motor operates at transient time on two preliminary and optimized designs, the computed three-phase ux linkage waveforms are together computed by 2D model, which are shown in Figures 11 and 12 and represent the pro les of the three-phase winding currents of the optimized design. Figure 13 shows the torque versus times. Then, the present torque is compared to those of the two machines, i.e. the preliminary design with current of 1.54 A and the optimized design with current of 4.5 A. The estimated torques of preliminary and optimized designs are about 3.95 Nm and 6.37 Nm, respectively. From the input power, several power loss terms can be identi ed. The resultant stranded losses are shown in Figure 14 . It is shown that the loss of the optimal machine is lower than that of the preliminary design. Thus, the e ciency is improved, especially in the high-speed region. In general, the optimal machine maintains high e ciency in the entire procedure region when possessing an extended constant power speed range. The corresponding FEM numerical results are given in Table 5 , showing that a good agreement is realized between the nite-element calculations and the analytical calculated values of the optimum design. It is seen that the error is less than 6%, and it can be concluded that the analytical model is reasonably adequate to prove the e ectiveness of the design optimization.
Conclusion
In this paper, we presented an optimized design for slotted Halbach PMSM. For high dynamic performance, analytical and Monte Carlo methods were compared. The Monte Carlo method was used to compute optimal values of the ve design parameters as a function of the mass for the given material parameter values. The obtained results were compared with those of analytical-derived optimum relationships. The design objectives concerning the structure optimization were achieved. As a conclusion, the optimized design o ers a better performance regarding the improved e ciency of 91% instead of 83%, smaller weight reduced by 24% and a rated torque of the machine as 8.7 N.m instead of 3.93 N.m of machine. The optimized machine was designed and the obtained results were validated throughout transient FEA using 2D model; so, the ux requirement determined in this study was satis ed. Youcef Sou received BEng (1991) and PhD degrees from the University of Annaba, Algeria in Electrical Engineering. Since 2000, he has been with the Department of Electrical Engineering, Laboratory of Electrical Engineering (Labget) at the University of Larbi T ebessi, T ebessa, Algeria, where he is currently an Associate Professor in Electrical Engineering. His main and current major research interests include electrical machines control, power electronics, and drives. He has published and co-authored more than 80 technical papers in scienti c journals and conference proceedings since 2000. He is a member of editorial board in some journals and a member of technical program committee, international advisory board, international steering committee of many international conferences.
